Lipschitz Shadowing for Flows 

Kenneth J. Palmer* 
Department of Mathematics, 
National Taiwan University, Taipei 106 - Taiwan 

Sergei Yu. Pilyugin^ 
Faculty of Mathematics and Mechanics, 
St. Petersburg State University, 
University av. 28, 198504, St. Petersburg, Russia 

Sergey B. Tikhomirov"'" 
Departamento de Matematica, 
Pontificia Universidade Catolica do Rio de Janeiro 
Rua Marques de Sao Vicente, 225, Rio de Janeiro, Brazil. 

January 15, 2013 



Abstract 

Let (j) be the flow generated by a smooth vector field X on a smooth 
closed manifold. We show that the Lipschitz shadowing property of 
(j) is equivalent to the structural stability of X and that the Lipschitz 
periodic shadowing property of (j) is equivalent to the 0-stability of X. 
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1 Introduction 

The theory of shadowing of approximate trajectories (pseudotrajectories) 
of dynamical systems is now a well developed part of the global theory of 
dynamical systems (see, for example, the monographs [1], [2]). This theory 
is closely related to the classical theory of structural stability (the basic 
definitions of structural stability and fi-stability for flows can be found, for 
example, in the monograph [3]). It is well known that a diffeomorphism has 
the shadowing property in a neighborhood of a hyperbohc set [1], |5] and a 
structurally stable diffeomorphism has the shadowing property on the whole 
manifold [B], [T], [S]. Analyzing the proofs of the first shadowing results by 
Anosov |1] and Bowen [S], it is easy to see that, in a neighborhood of a 
hyperbolic set, the shadowing property is Lipschitz (and the same holds in 
the case of a structurally stable diffeomorphism, see [2]). At the same time, it 
is easy to give an example of a diffeomorphism that is not structurally stable 
but has the shadowing property (see [H], for example). Thus, structural 
stability is not equivalent to shadowing. However it was shown in p.Oj that 
structural stability of a diffeomorphism is equivalent to Lipschitz shadowing. 

Turning to flows, it is well known that a flow has the shadowing property 
in a neighborhood of a hyperbolic set [1], [2] and a structurally stable flow 
has the shadowing property on the whole manifold [2], [H]. In fact, in a 
neighborhood of a hyperbolic set, the shadowing property is Lipschitz and the 
same holds in the case of a structurally stable flow, see [2]. At the same time, 
it is easy to give an example of a flow that is not structurally stable but has 
the shadowing property (to construct such an example, one can use almost 
the same idea as in [9]). Thus, as with diffeomorphisms, structural stability 
is not equivalent to shadowing. However it is our purpose in this article to 
show that structural stability of a flow is equivalent to Lipschitz shadowing. 
Let us note that the proof for the flow case is a nontrivial modification of the 
proof for the diffeomorphism case. 

One of the previously used approaches to compare shadowing property 
and structural stability is passing to C^— interiors. Sakai |T2] showed that 
the C^— interior of the set of diffeomorphisms with the shadowing property 
coincides with the set of structurally stable diffeomorphisms. See also [13] for 
the generalization of this result to other types of shadowing properties. For 
vector fields the situation is different. There is an example of a vector field 
with the robust shadowing property which is not structurally stable [H]. See 
also [T51 HSl [T7] for some positive results in this direction. 
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In this paper, we also study vector fields having the Lipschitz periodic 
shadowing property. Diffeomorphisms having the Lipschitz periodic shadow- 
ing property were studied in |T8], where it was shown that this property is 
equivalent to fi-stability. We prove a similar statement for vector fields. 

2 Preliminaries 

Let M be a smooth closed manifold with Riemannian metric dist(-, ■) and let 
X be a vector field on M of class C^. Let </)(t, x) be the fiow on M generated 
by X. 

Definition 1. A (not necessarily continuous) function y : I ^ M (where / 
is an interval in R) is called a d-pseudotrajectory if 

dist{y{T + t),(t){t,y{T)) <d, 0<t<l, T,T + teI. 

Mostly we work with pseudotrajectories defined on / = R. 

Definition 2. We say that the vector field X has the Lipschitz shadowing 
property (X G LipSh) if there exist do and £ > such that if ?/ : R i— )■ M 
is a d-pseudotrajectory for d < d^, then y{t) is Cd-shadowed by a trajectory, 
that is, there exists a trajectory x{t) of X and an increasing homeomorphism 
(reparametrization) a{t) of the real line satisfying 

< Cd (1) 

for t2 7^ ti and 

dist{y{t),x{a{t)) < Cd (2) 

for all t. 

Definition 3. We say that the vector field X has the Lipschitz periodic 
shadowing property {X G LipPerSh) if there exist do and £ > such that if y : 
R I— )■ M is a periodic d-pseudotrajectory ior d < do, then y(t) is Cd— shadowed 
by a periodic trajectory, that is, there exists a trajectory x{t) of X and an 
increasing homeomorphism a{t) of the real line satisfying inequalities ([1]) and 
([2]) and such that 

x(t + u) = x(t) 



a(0) = 0, 



a{t2) - a{ti) 
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for some lo > 0. 

The last equality implies that x{t) is either a closed trajectory or a rest 
point of the flow (p. 

The main results of the paper are the following theorems. 

Theorem 1. A vector field X satisfies the Lipschitz shadowing property if 
and only if X is structurally stable. 

Theorem 2. A vector field X satisfies the Lipschitz periodic shadowing prop- 
erty if and only if X is Q-stable. 

It is known that expansive diffeomorphisms having the Lipschitz shadow- 
ing property are Anosov (see pLQj). 

We show, as a consequence of Theorem [H that expansive vector fields 
having the Lipschitz shadowing property are Anosov. Let us recall the defi- 
nition of expansivity for vector fields. 

Definition 4. We say that a vector field X and the corresponding flow x) 
are expansive if there exist constants a,6 > such that if 

dist{(f){t,x),(f){a{t),y)) < a, t E H, 

for points x,y & M and an increasing homeomorphism a of the real line, 
then y = (f){T, x) for some |r| < 6. 

Theorem 3. An expansive vector field X having the Lipschitz shadowing 
property is Anosov. 

Proof. By Theorem [H a vector field X having the Lipschitz shadowing prop- 
erty is structurally stable. Hence, there exists a neighborhood A/" of X in the 
C^-topology such that any vector field in JV is expansive (this property of X 
is sometimes called robust expansivity). 

By Theorem B of [19j, robustly expansive vector fields having the shad- 
owing property are Anosov. □ 

In Sec. [3] we prove Theorem [1] and in Sec. |4] we prove Theorem [2l Both 
proofs are long so that each section is divided into several subsections. 
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3 The Lipschitz shadowing property 



As was mentioned above in [Tlj it was proved that structurally stable vector 
fields have the Lipschitz shadowing property. Our goal here is to show that 
vector fields satisfying Lipschitz shadowing are structurally stable. It is well 
known (see [20]) that for this purpose it is enough to show that such a vector 
field satisfies Axiom A' and the strong transversality condition. 

First we show that Lipschitz shadowing implies discrete Lipschitz shad- 
owing. Define a diffeomorphism / on M by setting f{x) = 0(1, x). 

Definition 5. The vector field X has the discrete Lipschitz shadowing prop- 
erty if there exist do, L > such that if yk & M is a sequence with 

dist(?/fc+i, fiVk)) <d, k eZ 

for d < do, then there exist sequences G M and tfe G R satisfying 

\tk-l\<Ld, dist{xk, yk) < Ld, Xk+i = 4>(tk,Xk) 

for all k. 

Lemma 1. Lipschitz shadowing implies discrete Lipschitz shadowing. 
Proof. Let yk be a sequence with 

dist(?/fc+i, f{yk)) = dist(?/fc+i, 0(1, yk)) < d, k e Z. 
Then we define 

y{t) = (j){t-k,yk) k<t<k + l, keZ. 
Assume that k < t < k + 1. IfO<t<l and t + t < k + 1, then 

dist(y(r + t), (Pit, y{T)) = dist(0(r + t-k, yk), (pit, 0(r - k, yk))) = 
and if k + 1 < T + t, then 

dist(i/(r + t),0(t,t/(r))) 

= dist(0(r + t- k-1, yk+i), (pit + r - k, yk)) 

= dist(0(r + t- k-1, yk+i), (pir + t - k - 1, 0(1, yk))) 

< ud. 
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where u is a constant such that 



dist(0(t,x),0(t,?/)) < i/dist(x,?/) for x,yeM,0<t<l. (3) 



Then if d < do/u, there exists a trajectory x{t) of X and a function a{t) 
satisfying 

a{t2) - a{ti) 



1 



< Cvd 



for t2 7^ ti and 



dist(?/(t),x(a(t))) < £z/d 
for all t. Then if we define 

Xk = x{a{k)), tk = a{k + 1) — a{k), 

we see that 

Xk+i = x{a{k + 1)) = (j){a{k + 1) - a{k) , x{a{k))) = (j){tk,Xk), 
dist{xk,yk) = dist{x {a {k)),y{k)) < Cud 

a{k + 1) — a{k) 



and 



k + l-k 



< Cud. 



Taking L = Cu and do in Definition [5] as do/u, we complete the proof of 
the lemma. □ 

Our main tool in the proof is the following lemma which relates the shad- 
owing problem to the problem of existence of bounded solutions of certain 
difference equations. To "linearize" our problem, we apply the standard 
technique of exponential mappings. 

Denote by TxM the tangent space to M at a point x; let |f | be the norm 
of V corresponding to the metric dist(-, ■). 

Let exp : TM i— )■ M be the standard exponential mapping on the tangent 
bundle of M and let exp^ be the corresponding mapping T^M i— )■ M. 

Denote by B{r, x) the ball in M of radius r centered at a point x and by 
Bx{r,x) the ball in T^M of radius r centered at the origin. 

There exists r > such that, for any x G M, exp^ is a diffeomorphism 
of Bxir, x) onto its image, and exp~^ is a diffeomorphism of B{r, x) onto its 
image. In addition, we may assume that r has the following property: 
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li V, w & BT{r,x), then 

dist(exp^(w),exp^(w)) < 2\v - w\; (4) 

iiy, z & B{r,x), then 

\exp;\y)-exp-\z)\ < 2dist(y,z). (5) 

Let x{t) be a trajectory of X; set = a;(A;) for k E 1^. Denote = 
Df{pk) and M.k — Tp^M. Clearly, A}, is a hnear isomorphism between M.k 
and M-k+i- 

In the sequel whenever we construct (i-pseudotrajectories of the diffeomor- 
phism /, wc always take d so small that the points of the pscudotrajectories 
under consideration, the points of the associated shadowing trajectories, their 
lifts to tangent spaces, etc. belong to the corresponding balls B{r,pk) and 
BT(r,Pk). 

We consider the mappings 

Fk = ^Wpi+, °f o expp^ : BT{p,Pk) Mk+i (6) 

with p e (0, r) small enough, so that 

f °eWp^{BT(p,Pk)) C B(r,pk+i). 

It follows from standard properties of the exponential mapping that D exp3,(0) = 
Id; hence, 

DFk{0) = Ak. 

Since M is compact, for any // > we can find S — S{ii) > such that if 
\v\ < S, then 

\Fk{v) - Akv\ < n\v\. (7) 

Lemma 2. Assume that X has the discrete Lipschitz shadowing property 
with constant L. Let x{t) be an arbitrary trajectory of X , let p^ = x{k), 
Ak = Df{pk) and let bk G A4k be a bounded sequence (denote b = \\b\\oo)- 
Then there exists a sequence Sk of scalars with \sk\ < b' — L{2b + 1) such 
that the difference equation 

Vk+i = AkVk + X{pk+i)sk + bk+i 
has a solution Vk such that 

Iklloo < 2b'. 
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Proof. Fix a natural number and define G A^^ as the solution of 

ffe+i = AkVk + bk+i, k = -N, ...,N-1 
with A_7v = 0. Then 

lAfcl < C, (8) 

where C depends on A^, b and an upper bound on \Ak\. 

Fix a small number d > and fix /x in ([7]) so that fi < 1/(2C). Then 
consider the sequence of points yk G M, A; G Z, defined as follows: yk = Pk 
for k < -N, yk = expp^(rfAfc) for -A^ + 1 <k < N, and yN+k = f^{yN) for 
A; > 0. 

By definition, yk+i = f{yk) for A; < -A^ and A; > A^. If -A^ - 1 < A; < 
A^ - 1, then 

yk+i = expp^^^(c/Afe+i) = exp.^^^^{dAkAk + dbk+i), 
and it follows from estimate that if d is small enough, then 

dist (^yk+i,expp^^^{dAkAk)^ < 2d\bk+i\ < 2db. (9) 
On the other hand, 

fiVk) = expp^^^(Ffc(rfAfc)) 

(see the definition IQ of the mapping Fk), and we deduce from (jlj), ([7]) and 
dHD that if Cd < 

dist (^/(?/fe),expp^^^(rfAfcAfc)) < 2\Fk{dAk) - dAkAk\ 

< 2n\dAk\ (10) 

< 2Cfid 

< d. 

Estimates ([9]) and (fTOl) imply that 

dist(i/fc+i, fiyk)) < d{2b +1), A; G Z, 

if d is small enough (let us emphasize here that the required smallness of d 
depends on 6, A^ and estimates on Ak). By hypothesis, there exist sequences 
Xk and tk such that 

l^fc - 1| < b'd, dist(xfc,yfc) < b'd, Xk+i = (f){tk,Xk), k e Z. 
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If we write 

Xk = expp^(rfcfc), tfc = 1 + dsk, 
then it follows from estimate ([5]) that 

\dck - dAk\ < 2 dist{x k,yk) < 2b' d. 

Thus, 

\ck - Afcl < 2b', keZ. (11) 

Clearly, 

\sk\ <b', k e Z. (12) 

We may assume that the value p fixed above is small enough, so that the 
mappings 

Gk ■■ {-p,p) X BT{p,Pk) Mk+i 

given by 

Gk{t,v) = expp^^^{(f){l + t,expp^{v))). 
are defined. Then 0^(0,0) = 0, 

DtGkit,v)\t=o,v=o = X{pk+i), DyGkit,v)\t=o,v=o = Ak. (13) 

We can write the equality 

Xk+i = 4>{l + dsk,Xk) 

in the form 

eWp,+,{dck+i) = 0(1 + dsk,expp^{dck)), 
which is equivalent to 

dck+i = Gk{dsk,dck). (14) 

Now let d = dm, where dm 0. Note that the corresponding Ck = c^.™"*, 
tk = t^k^\ and Sk = s^™^ depend on m. 

Since \c^^^ \ < 2b'+G and js^™^ | < b' for all m > 1 and -A^ < A; < A^-1, by 
taking a subsequence if necessary, we can assume that c^*"^ — )■ Ck, t'^^'^ — )• ik-, 
and s^^^ — )■ Sk for — <A;<A^ — lasm— oo. 

Applying relations f|T^ and f|T3|) . we can write 

dmc\.j^l = Gk{dms\. \ dmCk) = ^kdm^k ^ + X[pk+l)dms[. ^ + o{dm) ■ 
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Dividing by d^, we get the relations 

4+1 = aJ^^ + ^(p.+Osf) + 0(1), -N<k<N-l. 
Letting m — )■ oo, we arrive at 

Cfc+i = AkCk + X{pk+i)sk, -N <k<N-l, 

where 

|Afe-Cfc|<26', \sk\<b', -N<k<N-l 

due to ([TT]) and ([T^. 

Denote the obtained by s\^\ Then = — Cfc is a solution of the 
system 

4+1 = ^A''^ + X(p,+i)4'^^ + ^fc+i, -N<k<N-l, 

such that 1 4^^ I < 26'. 

There exist subsequences s^"''^'' — )■ and 4'"^'' — ^ "i^fc as — )■ oo (we do 
not assume uniform convergence) such that < b', < 2b', and 

v'k+i = Akv'k + X(pfc+i)4 + bk+i, keZ. 

Thus, the lemma is proved. □ 

Further, we have to refer to two known statements. It is convenient to 
state them as lemmas. First we make a definition. 

Definition 6. Consider a sequence of linear isomorphisms 

C = {Cfc : R" ^ R", keZ} 

such that sup^(||Cfc||, ||C^"'^||) < oo. The associated transition operator is 
defined for indices /c, / G Z by 

{Ck-i o ■■ ■ oCi, I < k, 
Id, / = k, 

c^'o...ocrX i>k. 

The sequence C is called hyperbolic on Z+ (has an exponential dichotomy 
on Z+) if there exist constants > 0, A G (0,1), and families of linear 
subspaces Sk, Uk of R" for k G Z+ such that 
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(1) Sk®Uk = R", k e Z+; 

(2) CkiSk) = Sk+i and Ck{Uk) = Uk+i for k e Z+; 

(3) \<i>{k,l)v\ < K\''-^\v\ for V e Si, k > I > 0; 

(4) mkj)v\ < KX^-''\v\ ioT V e Ui, < k < I. 

The following result was shown by Maizel' pT] (see also Coppel [22]). 

Lemma 3. // the system 

Vk+i = CkVk + &fe+i, A; > 0, 

has a hounded solution Vk for any hounded sequence bk, then the sequence C 
is hyperholic on (and a similar statement holds for Z_j. 

The second of the results which we need was proved by Pliss [23]. An 
analogous statement was proved later by Palmer pH [25] : he also described 
the Fredholm properties of the corresponding operator 

{vkEW : k eZ} ^ {vk - Ak-iVk-i}. 

Lemma 4. Set 

B+{C) = {v G R" : mk,0)v\ -> 0, ^ +00} 

and 

B-{C) = {i; G R" : |$(fc,0)t;| 0, A; ^ -00}. 
Then the following two statements are equivalent: 

(a) for any hounded sequence {hk G R", A; G Z} there exists a hounded 

sequence {vk G R", A; G Z} such that 

Vk+i = CkVk + bk+i, k eZ; 

(b) the sequence C is hyperholic on each of the rays Z+ and Z_, and the 
suhspaces B^{C) and B^{C) are transverse. 
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Remark 1. Both Lemmas E] and H] were proved for linear systems of differen- 
tial equations, but they hold as well (in the form stated above) for sequences 
of linear isomorphisms of Euclidean spaces and for sequences of linear iso- 
morphisms of arbitrary linear spaces of the same dimension (we apply them 
to the isomorphisms Ak of the spaces in Section and to the isomor- 
phisms Bk of the spaces Vk in Sections 13.31 and [3.4p . For further discussion 
of this point, see 

In the following three sections we assume that X has the Lipschitz shad- 
owing property (and, consequently, the discrete Lipschitz shadowing prop- 
erty). 

3.1 Hyperbolicity of the rest points 

Let Xq be a rest point. We apply Lemma H] with = xq. Noting that 
X{pk) = 0, we conclude that the difference equation 

Vk+i = Df{xo)vk + bk+i 

has a bounded solution Vk for all bounded sequences bk G M.xo- Then it 
follows from Lemma H] that 

Vk+i = Df{xo)vk 

is hyperbolic on both Z+ and Z_. In particular, this implies that any solution 
bounded on Z+ tends to as A; — )■ oo. However if Df^xo) had an eigenvalue 
on the unit circle, the equation would have a nonzero solution with constant 
norm. Hence the eigenvalues of Df{xo) lie off the unit circle. So Xq is 
hyperbolic. 

3.2 The rest points are isolated in the chain recurrent 
set 

Lemma 5. If a rest point xq is not isolated in the chain recurrent set CTZ, 
then there is a homoclinic orbit x{t) associated with it. 

Proof. We choose ci > so small that dist(0(t, y), a;o) < Cd for |t| large 
implies that (f){t, y) — )■ xq as |t| — ?■ oo. 
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Assume that there exists a point y G CTZ such that ?/ 7^ Xq is arbitrarily 
close to Xq. Since y is chain recurrent, given any Eq and > we can find 
points yi, . . . ,yN and numbers Tq, . . . , > such that 

dist((/)(To,?/),?/i) < £0, 

dist(0(Tj, yi),yi+i) < sq, i = l,...,N, 

dist{(f){TN,yN),y) < £o- 
Set T = To + ■ ■ ■ + Ttv and define on [0, T] by 

r0(t,i/), o<t<ro, 

9*{t) = I (p{t,yi), To + ■ ■ ■ + < t < To + • ■ ■ + Ti, 

[y, t = T. 

Clearly, for any e > we can find Eq depending only on e and v (see ([3])) 
such that g*{t) is an e-pseudotrajectory on [0,T]. 
Then we define 

{xo, t < 0, 
g*{t), 0<t<T, 
xo, t>T. 

We want to choose y and e in such a way that (^(t) is a ci-pseudotrajectory. 
We need to show that for all r and < t < 1 

dist{<P{t,g{T)),g{t + r)) <d. (15) 

Clearly this holds for (i) r < -1, (ii) r > T, (iii) r, r + t e [-1, 0], and 
(iv) T,T + te[0,T]. 

If -1 < r < 0, r + 1 > 0, then with z/ as in ([3]) 

dist(</)(t, (7(r)), ^(r + t)) = dist(xo, g*iT + t)) 

< dist(xo, 0(r + t, y)) + dist(0(r + t, y),g*{T + t)) 

< z/dist(xo, y) + E 

< d, 

if dist(?/,Xo) and e are sufficiently small. Note that, for the fixed y, we 
can decrease e and increase N,Tq, . . . ,T/v arbitrarily so that g{t) remains a 
d-pseudotrajectory. 
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Similarly, holds if r G [0, T] and r + t > T. 
Thus g(t) is shadowed by a trajectory x{t) so that in particular 
dist(a;(t), xo) < Cd if \t\ is sufficiently large so that x{t) — xq as |t| — > oo. 

We must also be sure that x(t) Xq. If ?/ is not on the local sta- 
ble manifold of Xq, then there exists ei > independent of y such that 
dist(0(to, y), Xq) > El for some to > 0. We can choose Tq > to. Now we know 
that dist{x{t), (f){to,y)) < Cd. So provided Cd < ei, we have x(to) 7^ a^o- 

If y is on the local stable manifold of Xq, then provided dist(?/, Xq) is suf- 
ficiently small, it is not on the local unstable manifold of Xq. Then, applying 
the same argument to the fiow with time reversed noting that the chain re- 
current set is also the chain recurrent set for the reversed fiow and also that 
the reversed fiow will have the Lipschitz shadowing property also, we show 
that x{t) 7^ Xq. 

Now we show the existence of this homoclinic orbit x{t) leads to a contra- 
diction. Set pk = x{k). Since AkX{pk) = X{Pk+i), it is easily verified that 
if 

= (3k + Sk, k eZ 
then Vk = (3kX{pk) is a solution of 

Vk+i = AkVk + X{pk+i)sk, k eZ. (16) 

Also if Sfc is bounded then f3kX{pk) is also bounded, since X{pk) — )■ expo- 
nentially as \k\ — )• oo and is bounded. 

By Lemma [21 for all bounded bk E Aik there exists a bounded scalar 
sequence Sk such that 

Vk+i = AkVk + X{pk+i)sk + bk+i 

has a bounded solution. But we know (fT6|) has a bounded solution. It follows 
that 

Vk+i = AkVk + hk+i 

has a bounded solution for arbitrary hk G Aik- Then it follows from Lemma 
Sthat 

Vk+i = AkVk 

is hyperbolic on both Z+ and Z_ and that the spaces B^{A) and B~{A) 
are transverse. This is a contradiction since dim B~^{A)+ dimB~{A) = n 
(because B~^{A) has the same dimension as the stable manifold of Xq and 
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B^{A) has the same dimension as the unstable manifold of Xq) but they 
contain X{pq) 7^ in their intersection. 

So we conclude that the rest points are isolated in the chain recurrent 
set. □ 



3.3 Hyperbolicity of the chain recurrent set 

We have shown that the rest points of X are hyperbolic and form a finite, 
isolated subset of the chain recurrent set CTZ. Let S be the chain recurrent 
set minus the rest points. We want to show this set is hyperbolic. To this 
end we use the following lemma. Let us first introduce some notation. 

Let x{t) be a trajectory of X in S. Put = x{k) and denote by Pk 
the orthogonal projection in Aik with kernel spanned by X{pk) and by Vk 
the orthogonal complement to X{pk) in Aik- Introduce the operators Bk = 

Lemma 6. For every bounded sequence bk G Vk (denote b = \\b\\oo) there 
exists a solution Vk G Vk of the system 

Vk+i = BkVk + bk+i, /c e Z, (17) 

such that for all k, 

\vk\ < 2L(26+ 1). 

Proof. By Lemma [21 there exists a bounded sequence Sk such that the system 

Wk+i = AkWk + X{pk+i)sk + bk+i, keZ (18) 

has a solution Wk with \wk\ < 2L{2b + 1). 

Note that AkX{pk) = X{pk+i). Since (Id -Pfc)^^ e {X{pk)} for v e Mk, 
we see that Pk+iAk(ld—Pk) = 0, which gives us the equality 

Pk+iAk = Pk+iAkPk. (19) 

Multiplying (fT8|) by Pk+i, taking into account the equalities Pk+iX{pk+i) = 
and Pk+ibk+i = bk+i, and applying (IT^ . we see that Vk = PkWk is the required 
solution. 

Thus, the lemma is proved. □ 
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Now we prove E is hyperbolic. Let x{t) be a trajectory in S with the 
same notation as given before Lemma O Then by Lemmas [H] and HI 

Vk+i = BkVk, Vk e Vk (20) 

is hyperbohc on both Z+ and Z_ and B~^{B) and B^{B) are transverse. It 
follows that the adjoint system 

Vk+i = {BkY'^Vk, Vk e Vk 

is hyperbolic on both Z+ and Z_ and has no nontrivial bounded solution. 

Now we consider the discrete linear skew product flow on the normal 
bundle V over E generated by the map defined for p G S, t> G (where Vp 
is the orthogonal complement to X{p) in TpM) by 

{p,v)^{(j){l,p),Bpv), (21) 

where Bp = P^(^i^p)D(j){l,p), Pp being the orthogonal projection of TpM onto 
Vp. Its adjoint flow is generated by the map defined by 

{p,v)^{<P{i,p),{b;)-\). 

Now we want to apply the Corollary on page 492 in Sacker and Sell [27] . 
What we have shown above is that the adjoint flow has the no nontrivial 
bounded solution property. It follows from the Sacker and Sell corollary that 
the adjoint flow is hyperbolic and hence the original skew product flow 

{p,v) H-> {(j){l,p),Bpv) 

is also. However then it follows from Theorem 3 in Sacker and Sell [28] that 
E is hyperbolic. 

3.4 Strong Transversality 

To verify strong transversality, let x{t) be a trajectory that belongs to the 
intersection of the stable and unstable manifolds of two trajectories, x+{t) 
and X-{t), respectively, lying in the chain recurrent set. Denote po = x{0) 
and pk = x{k), A; G Z; let W^i^po) and W^"(po) denote the stable manifold 
of x+(t) and the unstable manifold of x_{t), respectively. Denote by and 
the tangent spaces of W^{po) and W^^po) at pq. 
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By Lemma E] (using the same notation as in the previous section), for all 
bounded 6^ G Vk, there exists a bounded solution G Vk of (IT7|) . By Lemma 
m again, this implies that 

£' + 8'' = Vo, (22) 

where 

8^ = {wo : Wk+i = BkWk, supfc>o \wk\ < oo}, 

£:« = {wq : Wfc+i = Sfcu;^, supfc<o \wk\ < oo} 

Moreover fl20|) is hyperbolic on both Z+ and Z_. 

We are going to use the following folklore result, which for completeness 
we prove after showing it implies the strong transversality: 

8' C E\ ^" C E". (23) 

Combining equality (122]) with the inclusions (123]) and the trivial relations 

E' = VonE' + {X{po)}, E^ = VonE^ + {X{po)}, 
we conclude that 

and so the strong transversality holds. 

Let us now prove the first relation in (123]) : the second one can be proved 
in a similar way. 

Case 1: The limit trajectory in CTZ is a rest point. In this case, the stable 
manifold of the rest point coincides with its stable manifold as a fixed point 
of the time-one map f{x) = (l){l,x). By the theory for diffeomorphisms, if 
Pk is a trajectory on the stable manifold, the tangent space to the stable 
manifold at pq is the subspace E'"^ of initial values of bounded solutions of 

Vk+i = AkVk, k>0. (24) 

Let us prove that 8'^ C E'^. Fix an arbitrary sequence Wk satisfying 
Wk+i = BkWk with G Consider the sequence 

Vk = XkX{pk)/\X{pk) \ + Wk 

with Xk satisfying 

\X{pk+i)\ ^ X{pk+i)* ^ 
\X{pk)\ \X{pk+i)\ 
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and Ao = 0. It is easy to see that Vk satisfy (^^. 

Since x(t) is on the stable manifold of a hyperbolic rest point, there are 
positive constants K and a such that 

\x{t)\ < Ke-''^'-''^\x{s)\ 

for < s < t. From this it follows that 

\X{pk)\<Ke-''^'-"'^\X{p^)\ 

ioT < m < k so that the scalar difference equation 

is hyperbolic on Z+ and is, in fact, stable. Since the second term on the 
right-hand side of equation ( 125|) is bounded as — )■ cxd, it follows that are 
bounded for any choice of Aq. This fact implies that is a bounded solution 
of f l24l) . and we conclude that vq = wq E E^, hence S"^ C E'^. 
The proof in Case 1 is complete. 

Case 2: Assume that the limit trajectory is in S, the chain recurrent 
set minus the fixed points which we know to be hyperbolic. We want to 
find the intersection of its stable manifold near po = x(0) with the cross- 
section at po orthogonal to the vector field (in local coordinates generated 
by the exponential mapping). To do this, we discretize the problem and 
note that there exists a number a > such that a point p E M close to po 
certainly belongs to VF^(po) if and only if the distances of consecutive points 
of intersections of the positive semitrajectory of p with the sets expp^(A4fc) 
to the points pk do not exceed a. 

For suitably small /i > 0, we find all sequences tk and Zk G Vk, the 
subspace of Tp^M orthogonal to X{pk), such that for A; > 

|4-l|</Lt, \zk\ < iJ', Vk+i = (j){tk,yk), 

where i/k = expp^{zk). Thus we have to solve the equation 

expp,^,(2;fc+i) = (f){tk,expp^{zk)), k>0 
for tk and Zk G Vk such that \tk — 1| < /i and \zk\ < fi. 
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We set it up as a problem in Banach spaces. By lemmas H] and the 
difference equation 

Zk+i = BkZk, Zk G Vfc 

(recall that B^. = P^j^^iAk and Pk is the orthogonal projection on Ai^. with 
range \4), has an exponential dichotomy on Z+ with projection (say) Qk : 
Vk Vfc. Denote by TZ{Qq) the range of Qq and note that 1Z{Qq) = S'^. Fix 
a positive number fiQ and denote by V the space of sequences 

{zk e Vk, \zk\ < fio,ke Z+} 

and by /°°(Z_|_, {A^fc+i}) the space of sequences {(k & A^fc+i, k G Z+} with 
the usual norm. 

Then the function 

G : [1 - /io, 1 + X ^ X T^iQo) ^ ^°°(Z+, {A^-fc+i}) X 7^(Qo) 
given by 

G{t,z,ri) = {{zk+i - exp-l^^{(j){tk,expp^{zk))}k>o,QoZo ~ v) 

is defined if /iq is small enough. 
We want to solve the equation 

G{t,z,ri) = 

for (t, z) as a function of r/. It is clear that 

G'(1,0,0) = 0, 

where the first argument of G is {1, 1, . . .}, the second argument is {0, 0, . . .} 
and the right-hand side is ({0, 0, . . .}, 0). 

To apply the implicit function theorem, we must verify that 

is invertible. Note that if {s,w) E E) x V, then 

T(s, w) = {{wk+i - X{pk+i)sk - AkWk}k>o, QqWq). 
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To show that T is invertible, we must show that 

T{s,w) = {g,r]) 

has a unique solution {s,w) for all {g,r]) £ {A4fe+i}) x TZ{Qo)- So we 

need to solve the equations 

Wk+i = AkWk + X{pk+i)sk + gk: k>0 

subject to 

QqWq = rj. 

If we multiply the difference equation by X{pk+i)* and solve for Sk, wc obtain 



X{pk 



and if we multiply it by Pk+i, we obtain 

Wk+i = Pk+iAkWk + Pk+igk = BkWk + Pk+igk, k>0. 

Now we know this last equation has a unique bounded solution Wk G Vk, 
k > 0, satisfying QoWq = rj. Then the invertibility of T follows. 

Thus we can apply the implicit function theorem to show that there exists 
> such that provided \ri\ is sufficiently small, the equation G{t,z,ri) = 
has a unique solution {t{rj), z{rj)) such that \\t — l||oo < A*, H-^Hoo < A*- 
Moreover, t{0) — 1, 2(0) = and the functions t{ri) and z{ri) are C^. 

The points expp^(zo{i])) with small |?7| form a submanifold containing pq 
and contained in PF^(po)- Thus, the range of the derivative Zq{0) is contained 
in E'. 

Take an arbitrary vector ^ E and consider 77 = r^, ^ e R. Differentiat- 
ing the equalities 

Zk+i{r^) = expp^^^{(l){tk{T^),expp^{zk{T^)))), k > 0, 

and 

with respect to r at r = 0, we see that 

dtk dzk 

Sk = -7^\r]=0^, Wk = -pr— ,7=oC £ 

or] or] 
20 



are bounded sequences satisfying 

Wk+i = AkWk + X(pfe+i)sfc, QqWq = ^. 

Multiplying by Pk+i, we conclude that 

u!k+i = BkWk, k>0, QoWo = C 

It follows that Wq E S'^ = 1Z{Qq). Then wq = QqWq = ^. We have shown 
that the range of Zq{0) is exactly S'^, and thus G E'''. 

4 Lipschitz periodic shadowing 

It is known that a vector field X is fi-stable if and only X satisfies Axiom 
A' and the no-cycle condition (see [29] and |30]). Thus, to prove Theorem [2l 
we prove the following two lemmas. 

Lemma 7. // a vector field X has the Lipschitz periodic shadowing property, 
then X satisfies Axiom A' and the no- cycle condition. 

Lemma 8. If X satisfies Axiom A' and the no-cycle condition, then X has 
the Lipschitz periodic shadowing property. 

Lemma [7] is proved in Sees. I4.m4.5t Lemma [H] is proved in Sec. 14.61 
The proof of Lemma [7] is divided into several steps. 
We assume that X has the Lipschitz periodic shadowing property and 
establish the following statements. 

1. Closed trajectories are uniformly hyperbolic. 

2. Rest points are hyperbohc. 

3. The chain- recurrent set coincides with the closure of the set of rest 
points and closed trajectories; rest points are separated from the re- 
maining part of the chain- recurrent set. 

4. The hyperbolic structure on the set of closed trajectories can be ex- 
tended to the chain- recurrent set. 

5. The no-cycle condition holds. 
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4.1 Uniform hyperbolicity of closed trajectories 

Without loss of generality we can assume that C > 1. 

Let x{t) be a nontrivial closed trajectory of period u. Choose ni,n e IN 
such that r = riiu/n G [1/2,1]. Let Xk = x^kr), f{x) = 0(r, x), and 
Ak = Df{xk)- Note that A^+n = A^. Below we prove a statement similar to 
Lemma |5J 

Lemma 9. If X & LipPerSh, then for any b > there exists a constant K 
(the same for all closed trajectories x{t) of X) such that for any sequence 
bk £ Tx^M with \hk\ < b there exist sequences G R and Vk G T^^M with 
the following properties: 

Vk+i = AkVk + X{xk+i)sk+i + bk+i (26) 

and 

\sk\Avk\<K. (27) 

Before we go to the proof of Lemma [HI we need to generalize the notion of 
discrete Lipschitz shadowing property. Let c?, r > 0; we say that a sequence 
yk is a r-discrete (i-pseudotrajectory if dist(?/fc+i, 0(r, y^)) < d. 

Let e > 0; we say that a sequence Xk e-shadows y^ if there exists a 
sequence tfc > such that 

dist(a;fc,yfc) < £, \tk-T\<e, Xk+i = (f)(tk,Xk). 

The following lemma can be proved similarly to Lemma [H 

Lemma 10. If X E LipPerSh, then there exist constants dQ,L > such that 
for any r G [1/2, 1] and d > and any periodic r-discrete d-pseudotrajectory 
yk with d < do there exists a sequence Xk (not necessarily periodic) that 
Ld-shadows yk- 

In the proof of Lemma M, we use the following technical statement which 
is well-known in control theory ^T] . |32] . 

Lemma 11. Let B : R"* — )■ R"^ be a linear operator such that the absolute 
values of its eigenvalues equal 1. Then for any Aq G R™ and 5 > there 
exists a number i? G IN and a sequence 6k G R™", k G [1,-R], such that 
\6k\ < S and the sequence Ak G R™ defined by 

Ak+i = BAk + 5k+u ke[0,R~l], (28) 

satisfies Aji = 0. 
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Proof of Lemma Fix an arbitrary sequence bk with \bk\ < b and a number 
I G ]N. 

First we will find a number li > I and sequences Ck and defined for 
k G [—InJin] such that |cfc| <b and 

Ck = bk, k e [-In, In], 

Afc+i = AfcAfc + Cfc+i, /c G - 1], (29) 

A_i„ = A/^„. 

Consider the operator A : T^^ — )■ Tj.^ defined hy A = A^-i ■ ■ ■ Aq. 
The tangent space T^^ can be represented in the form 

T,, = E'^(BE'^®Ei; (30) 

so that the subspace Eq corresponds to the eigenvalues Xj of A such that 
\Xj\ < 1, the subspace Eq corresponds to the eigenvalues Xj such that \Xj\ = 1, 
and the subspace Eq corresponds to the eigenvalues Xj such that |Aj| > 1. 

For any index k consider the decomposition T^^, = E^ Q) E^ Q) E^ as the 
image of decomposition (15CT]) under the mapping Ak-i ■ ■ ■ Aq. 

In the coordinates corresponding to these decompositions, the matrices 
Ak can be represented in the following form: 

Ak = di8.gi AlA^Al). 

Set Ao- = A'^_^ ■ ■ ■ Aq for a = s, c, u. Consider the corresponding coordinate 
representations bk = (6|, bl, bf), Ck = (c|, c^, c^), and A^ = (Af,, A^,, A^) (and 
note that the values \bl\, \b^\ are not necessarily less than b). 
Equations f l29|) are equivalent to the system 

^fc+i = ^k^k + Cfc+i, (31) 

AC _ /IC A C I c 

Al^, = AlAl + 4^,. (32) 
Set Ck = bk for k G [—In, In — 1]. 

Consider the sequence satisfying (I3T]) with initial data Ai;„ = and 
denote Af„ by a^; Consider the sequence satisfying ( 132|) with initial data 
A"^ = and denote A^^^ by a". 
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There exist numbers ls,lu > 1 such that 

|A-'a"| <b, l> lu, <b, l> Is. 

Set A_/„ = (0, 0, a"); then the definition of a'* and a" imphes that Ain = 
(a^ Ci, 0) for some Ci G -Eq- 

Set Cfc = for A; G [/n + 1, + then A(^i^^n = (^i^o"*, C2, 0) for some 
C2 G -Eq. 

Set Cfc = for A; G [(/ + Qn + !,(/ + /, + l)n - 1] and Ck = (-A'/+^a^ 0, 0) 
for k = {I + Is + l)n. Then A(/+i^+i)„ = (0, C3, 0) for some C3 G -Eq- 

Applying Lemma [TT] to A'^ : Eq Eq, we find a number i? and a sequence 
6k with < 6 such that if 

then xr = 0. Then if we set for z = 0, . . . , R—1, Ck = for {l+ls+i + l)n+l < 
k < {I + Is + i + 2)n - 1 and C(/+i^+i+2)n = (0, 0), we see that 

^(Z+«s+j+2)n = ^'^^{l+ls+i+l)n + i = 0, . . . , R — 1, 

so that A^;^^^^^^-^^^ = 0; of course, the other two components of A(i+/^_,.R+i)„ 
remain zero. 

Set Cfc = for A; G [(/ + + i? + l)n + 1, (/ + + + 2)n - 1] and 
Ck = (0, 0, A-'"a") for k = (/ + /, + i?+2)n; then A(i+;,+R+2)n = (0, 0, Az'-a^). 
Finally, we set = for A; G [(/ + + + 2)?2 + 1, (/ + + + 2 + Qn] 
and see that A(/+;^+2+_R+Zu)n = (0, 0, a") = A.^. Thus, we have constructed 
the sequences mentioned in the beginning of the proof. 

Taking d small enough, considering the periodic r-discrete pseudotrajec- 
tory Hk = exp^^{dAk), and repeating the reasoning similar to that in the 
proof of Lemma |2l we can prove that relations (l26|l and (!27|) hold with 
K = L{2b + 1) for k G [-In, In - 1]. 

After that, we repeat the reasoning used in the last two paragraphs of 
the proof of Lemma |2] to complete the proof of Lemma HI □ 

As in Sec. 13. 3[ we define Aik, Vk, Pk, and Bk = Pk+iAk : Vk — )■ Vk+i- Note 
that Bf^^ = PkA^^. Since M is compact, there exists a constant N > such 
that \\D(I){t,x)\\ < N for any r G [-1,1] and x e M. Hence, \\Ak\\, \\A~'^\\ < 
N, and 

\\Bk\\,\\B-'\\ < N. (33) 

The same reasoning as in the proof of Lemma 6 establishes the following 
statement. 
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Lemma 12. There exists a constant K > (the same for all closed trajec- 
tories x{t)) such that for every sequence 6^ G with \bk\ < 1 there exists a 
solution Vk & Vk of the system 

Vk+i = BkVk + bk+i 

such that 

\\vk\\ < K. 

A remark on page 26 of [22] , Lemma [12] and the inequalities fl33|l imply 
that there exist constants Ci > and Ai G (0, 1) (the same for all closed 
trajectories) and a representation Vk = E^{xk) ® E^{xk) such that 

BkE'ixk) = E'{xk+i), BkE^ixk) = ^"(xfc+i), 

\Bi+k---Bkv'\ <Ci\[\vs\, eE\xk), l>0,kez 
l^-/+fc---^fc'^1 <cX\vu\, v^'eE'^ixk), l>0,kez. 

Remark 2. In fact in [22] exponential dichotomy with uniform constants was 
proved only on Z+. However we can extend the corresponding inequalities 
to the whole of Z by the periodicity of Bk- 

Since r e [1/2,1] and ||i50(r, x)|| < the above conditions imply that 

there exist constants C2 > and A2 G (0, 1) such that if x(t) is a closed 
trajectory, then 

\P^^t,.o)D(l)it,xito)y\ < C^Xllv'l e E%xito)), t>0,toeR, (34) 

|P<^(_i,,„)D0(-t,x(to))t^1 < C2Xl\v% e ^"(x(to)), t > 0, to e E, 

(35) 

where Pj^gM is the orthogonal projection of TyM with kernel X{y), i?*'"(a;(to)) = 
P^^to,x)D^{to,x)E''^{xo). 

Remark 3. In particular, the above inequalities imply that x{t) is a hyper- 
bolic closed trajectory. 

4.2 Hyperbolicity of the rest points 

Let Xq be a rest point. As in subsection 13.11 (using Lemma [9|), we conclude 
that D(f){l,xo) is hyperbohc; hence, Xq is a hyperbolic rest point. 
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4.3 The rest points are separated from the remaining 
part of the chain-recurrent set 

Denote by Per(X) the set of rest points and points belonging to closed tra- 
jectories of a vector field X; let CTZ{X) be the set of its chain-recurrent 
points. For a set A C M denote by CIA the closure of A and by B{a, A) its 
a-neighborhood. 

Lemma 13. If X e LipPerSh, then ClPer(X) = Cn{X). 

Proof. If hq G C7l{X), then for any d > there exists a periodic ci-pseudotrajectory 
g{t) such that g{0) = y^. 

Since X G LipPerSh, there exists a point Xd G Per(X) such that dist(xd, yo) < 
Cd. Hence, B{Cd,yo) n Per(X) 7^ for arbitrary d > 0, which proves our 
lemma. □ 

Lemma 14. Let X G LipPerSh and let p be a rest point of X . Then p ^ 



Proof. It has already been proved that all rest points of a vector field X G 
LipPerSh are hyperbolic; hence the set of rest points is finite. Assume that 
p G C1(C7^(X) \p). Then Lemma [I3] implies that p G Cl(Per(X) \ p). 

Denote by Wf^^^^{p) and Wl^^^^{p) the local stable and unstable manifolds 
of size a. 

Since the rest point p is hyperbolic, there exists e G (0,1/2) such that 
if a; G M and 4>{t,x) C B{4e,p), t > 0, then x G W/oc,4£(p); if Ht^^) ^ 
B{Ae,p), t < 0, then x G W^/oc,4e(p); and if (j){t,x) C B{ie,p), t G E, then 
X = p. 

Let di = min{dQ,6/C), where do and C are the constants from the defini- 
tion of LipPerSh. Take a point xq G Per(X) (let the period of the trajectory 
of Xq equal u) and a number T > and define the mapping 



for t G [—T, T + u). Continue this mapping periodically to the line R. 

There exists d2 < di depending only on di and v (see ([3])) such that if 
xo G B{d2,p), then gxo,Tit) is a cii-pseudotrajectory for any T > 0. We fix 
such a point Xq G B{d2,p) and consider below pseudotrajectories gxo,T with 
this fixed Xq and with increasing numbers T. 



a(C7^(x)\J9). 




te[-T,T], 

te{T,T + oj) 
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By our assumptions, the pseudotrajectory gxo,T can be 5-shadowed by the 
trajectory of a point Zt G Per(X) with reparametrization axit): 

distig^o^rit), (piarit), zt)) < e. (36) 

Our choice of e imphes that there exist times ti,t2 > such that 

dist(p,0(ti,xo)) e [2e,3e], 0(t,xo) G 5(4e,p), t e [0,ti], 

dist(p,0(-t2,a;o)) G [2e,3e], xq) G 5(4e,p), t G H2,0]. 

We emphasize that the numbers ^1,^2 depend on our choice of the point Xq 
but not on our choice of T. Let 

= 0(aT(T + ti), Zt), Qt = (piari-T - t2), zt). 

Inequahties fl5^ and the following two relations imply that 

0(t,gT) G fi(5£,p), t G [0,-aT(-T-t2)], (37) 

0(t,rT) g5(5£,p), t G [-aT(T + ti),0]. (38) 

Since £c?2 < e < 1/2 and ti,t2 are fixed, inequality ([1]) implies that if T 
is large enough, then 

- ar(-T - ta) > r/2, «t(T + ti) > T/2. (39) 

Since (|37D-(l39]) imply that dist(0(t, gT),p) < 4e for < t < T/2 and 
dist(0(t, rT),p) < 4e for > t > -T/2 it follows that 

dist(gT, W^roc,4.(p)), dist(rT, W^;:e,4.(p)) ^0, T ^ +00. 

Since gr, '"t G -B(4£:,p) \ B{e,p), we can choose sequences g„ = qT„ q and 
'^n = rxr, r such that q,r p, q e W^ioc,4e(p)' and r G W^/oc,4e(p)- 

Denote by 0(g„) the (closed) trajectory of the point g„. 

From Remark [3] we know that 0(g„) is a hyperbolic closed trajectory. 

Passing to a subsequence, if necessary, we may assume that the values 
dim 14^*(0(g„)) are the same for all n. Since 

dimVr'(0(g„)) + dimVr"(0(g„)) = dimM + 1 

and 

dim W'{p) + dimVr"(p) = dimM, 
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we see that at least one of the following inequalities holds: 

dimW'{0{qn)) > dimW'ip) 

or 

dimW^"(0(g„,)) > dimiy"(p). 

Without loss of generality, we can assume that the first inequality holds (in 
the other case we note that 0(g„) = 0(r„) and consider the vector field —X). 

Denote a = dimW'^{p). Consider the space = E^{qn) corresponding 
to inequalities (!34|) . (!35l) . Then the following holds 

dimE^ = dimW\0{qn)) -l>a. 

Passing to a subsequence, if necessary, we may assume that ^ F'^ C Vq, 
where Vq is the subspace in TqM orthogonal to X{q) (here and below, we 
consider convergence of linear spaces in the Grassman topology) . Passing to 
the limit in inequalities we conclude that 

\P^^t,g)D(j){t,qy\ < C2Xi\v% eF%t> 0. 

This inequality implies the inclusion F^ C TWq{p). Hence, 

F'®{X{q))cTqW'{q), 

and dim W^{q) > cr + l. We get a contradiction which proves Lemma [T2l □ 

4.4 Hyperbolicity of the chain-recurrent set 

Consider a point y G CTZ{X) that is not a rest point. Lemma [T3] implies that 
there exists a sequence Xn G Per(X) such that Xn ^ y- 

Consider the decomposition V^^ = E^{xn) + E^{xn) corresponding to 
inequalities fl51|) . fl5S]) . Denote E^'^ = E^''^{xn)- Passing if necessary to a 
subsequence, we may assume that the dimensions dimii^^ and dimii^^ are 
the same for all n. Since y is not a rest point, Vx„ — )• Vy. 

Since inequalities (!34|) and ( 135|) hold for all closed trajectories with the 
same constants C2 and A2, standard reasoning implies that the "angles" 
between E^ and E^^ are uniformly separated from (see, for instance, [3]). 
So passing if necessary to a subsequence, we may assume that E^ — )■ E'^ and 
Ell 

Hence, n = {0}, dim{E' + E") = dimE' + dimE" = dimK^, and 
j^s _|_ j^u _ Estimates and f l35|) for the points Xn imply similar esti- 
mates for y. Hence, the skew product flow fl2T]) is hyperbolic, and Theorem 
3 in Sacker and Sell |2B] implies that CTZ{X) is hyperbolic. 
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4.5 No-cycle condition 

In the previous two subsections we have proved that the vector field X (and 
its fiow (p) satisfies Axiom A'. It is known that in this case, the nonwandering 
set of X can be represented as a disjoint union of a finite number of compact 
invariant sets (called basic sets): 

n(x) = Qi u • • • u Q^, (40) 

where each of the sets Qi is either a hyperbolic rest point of X or a hyperbolic 
set on which X does not vanish and which contains a dense positive semi- 
trajectory. 

The basic sets fli have stable and unstable "manifolds" : 

W'iQi) = {xe M : dist((/)(i, x), fli) ^0, t ^ oo} 

and 

W^"(a) = {xeM : dist(c6(t, x), 1]^) ^0, -oo}. 
If fli and flj are basic sets, we write Qi flj if the intersection 

w''(ni)nw'(nj) 

contains a wandering point. 

We say that X has a 1-cycle if there is a basic set such that — > Qj. 
We say that X has a /c-cycle if there are k > 1 basic sets 

^ii ) • • • ) 

such that 

Lemma 15. If X G LipPerSh, then X has no cycles. 

Proof. To simplify the presentation, we prove that X has no 1-cycles (in the 
general case, the idea is essentially the same, but the notation is heavy). 
To get a contradiction, assume that 

p e {w^{ni)nw'{ni))\n{x). 

Then there are sequences of times jm, /i^m — >^ oo as m — >■ oo such that 
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Since the set f2j is compact, we may assume that 



4>{-jm,p) -> g e fii and 4>{km,p) -^r eQi. 

Since Qi contains a dense positive semi-trajectory, there exist points Sm ^ 
and times > such that 0(/m, Sm) — )■ g as m — )■ oo. 
Clearly, if we continue the mapping 

U{t,p), te[o,km], 

g{t) = < (f)(t — kf^, Sm)^ t G [km, km + Im], 

y^Cpit jm kffi , t G \km -\- IjYii kjYi ~l~ jm\ ; 

periodically with period km + Im+jm, we get a periodic rfm-pseudotrajectory 
of X with (im —> as m —> oo. 

Since X G LipPerSh, there exist points Pm G Per(X) (for m large enough) 
such that — ^ P as m — )■ oo, and we get the desired contradiction with the 
assumption that p ^ Q{X). The lemma is proved. □ 



4.6 il-stability implies Lipschitz periodic shadowing 

The proof of Lemma [H] is similar to the corresponding proof in [18] , where 
the case of diffeomorphisms is considered. In the present article we give the 
most important steps and leave the details to the reader. 

Proof of Lemma O Let us formulate several auxiliary definitions and state- 
ments. 

Let us say that a vector field X has the Lipschitz shadowing property on 
a set U if there exist positive constants C, do such that if g{t) with {g{t) : 
t G R} C f/ is a (i-pseudotrajectory (in our standard sense: 

dist{g{T + t), <P{t, gir))) < d, r G R, t G [0, 1]) 

with d < do, then there exists a point p & U and a reparametrization a 
satisfying inequality ([1]) such that 

dist{g {t),(j){a{t),p)) < Cd, te R. (41) 

We say that a vector field X is expansive on a set U if there exist positive 
numbers a (expansivity constant) and 6 such that if two trajectories {(f){t,p) : 
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t G R} and {4>(t, q) : t G R} belong to U and there exists a continuous real- 
valued function a{t) such that 

dist(0(a(i(:),g),0(t,p)) < a, t G R, 

then p = (j){T, q) for some real r G (—5, 5). 

Let X be an f2-stable vector field. Consider the decomposition (HUj) of 
We will refer to the following well-known statement [T]. 

Theorem 4. // Vti is a basic set, then there exists a neighborhood U of Vti 
such that X has the Lipschitz shadowing property on U and is expansive on 
U. 

We also need the following two lemmas. Analogs of these lemmas were 
proved for diffeomorphisms in [33]; the proofs for flows are the same. 

Lemma 16. For any neighborhood U of the nonwandering set Q{X) there 
exist positive numbers B, di such that if g(t) is a d-pseudotrajectory of (p with 
d < di and 

g{t)iU, tG[r,r + /], 
for some I > and r G R, then I < B. 

Lemma 17. Assume that the vector field X is Q-stable. Let Ui, . . . , Um be 
disjoint neighborhoods of the basic sets Qi,...,Qrn- There exist neighbor- 
hoods Vj C Uj of the sets Qj and a number d2 > such that if g{t) is a 
d-pseudotrajectory of X with d < d2, gi^r) G Vj and g{T + to) ^ Uj for some 
j G {1, . . . , m}, some r G R and some to > 0, then gij + t)^Vj for t > to- 

Now we pass to the proof itself. 

Apply Theorem H] and Lemmas [TBI [13 and find disjoint neighborhoods 
Wi, . . . , Wm of the basic sets fli, . . . , such that 

(i) X has the Lipschitz shadowing property on each Wj with the same 
constants Cyd^; 

(ii) X is expansive on each Wj with the same expansivity constants a, S. 

Find neighborhoods Vj, Uj of Qj (and reduce dQ, if necessary) so that the 
following properties are fulfilled: 

• Vj C Uj C Wj, J = l,...,m; 

• the statement of Lemma [T7I holds for Vj and Uj with some d2 > 0; 
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• the £(iQ-neighborhoods of Uj belong to Wj. 

Apply Lemma [T6] to find the corresponding constants B, di for the neigh- 
borhood 1/1 U ■ ■ • U of fi(X). 

We claim that X has the Lipschitz periodic shadowing property with 

constants C,do, where 

do = min (^ci*, rfi, ^2, ^) . 

Take a /i-periodic d-pseudotrajectory g(t) of X with d < d^. Without 
loss of generality we can assume that fi > 6 (since /i is not necessarily the 
minimal period). Lemma [T6] implies that there exists a neighborhood Vj such 
that the pseudotrajectory g{t) intersects Vj] shifting time, we may assume 
that ^(0) G Vj. 

In this case, {g{t) : t E M} C Uj . Indeed, if g(to) ^ Uj for some to, then 
g{tQ + kfi) ^ Uj for all k. It follows from Lemma [T71 that if tQ + kfi > 0, then 
g{t) ^ Vj for t > to + k^, and we get a contradiction with the periodicity of 
g{t) and the inclusion g{0) G Vj. 

Thus, there exists a point p such that inequalities (1411) hold for some 
reparametrization a satisfying inequality ([1]). Let us show that either p is 
a rest point or the trajectory of p is closed. By the choice of Uj and Wj, 
4>{t,p) G Wj for all t G R. Let g = 4>{n,p). 

Inequalities f HTl) and the periodicity of g(t) imply that 

dist(5((t), 0(a(t + /i) - /i, g)) = 
dist(5f(t + /i),0(a(t + /i),p)) < t G R. 

Thus, 

dist(0(Q;(t), p), 0(a(t + fi) — fi, q)) < 2Cd < a, t G R, 
which implies that 

dist(0(^,p),0(/3(^),g)) <2Cd<a, 9 e R, 

where (3{9) = a{a~^{9) + fj.) — ^. 

Since (l){t,p) G VFj- for all t G R, our expansivity condition on Wj implies 
that q = (P{t,p) for some r G (—5, 5). 

This completes the proof. □ 
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